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Recap

* X. Y E G vs map (X. Y) asset Ran complex .
"

Reedy resolutions
"

* Leg. Bousfield localization . 8 a model cat
.
S a set of maps

→ S - local objects t s. local equivalences

Lsf
W s S- local guvs ? Weak Equivalences og f

f : Rep ( acyclic ay )

C. Cgib . of f.



Recap

Showed Left Bousfield loci need not exist in general.

Motivated vin example of Barton n! ⇒ !

⇒ Required
"

left properness
"

LBL Exists under the assumption g left prop + combinatorial

(cellular)

EI Chf pro's

Form a CBC at those maps f
such that for Ilp is a we .

⇒ derived p- complete ab
. gps.



Right Bousfield localization

Let C be a model category and K a set of objects of C.
• A morphism f : A ! B in C is a K-coequivalence if

map(X, f ) : map(X, A) ! map(X, B)

is a weak equivalence in sSetKan for each X 2 K.
• An object Z 2 C is K-colocal if

map(Z, f ) : map(Z, A) ! map(Z, B)

is a weak equivalence in sSetKan for any K-coequivalence.



Right Bousfield localization

The right Bousfield localization at K of C is the model category RKC with underlying category
of C such that the:
• weak equivalences

• fibrations

• cofibrations

are K - colocal equiv 3 weak Equiv g 9
.

are the fb . Y E
id , f → Rx f right Quillen.

LLP( acyclic jib)
Celticf k - cell -f

Exists for f comb( cellular t right properness.



Torsion objects

Return to Ch ( ftp.oj . ( is left + right proper)

Perform RBL at Ilp .

Rap Chl Tt) → desired p - torsion
abelian groups.

Id : R Ip Chl prog
' FIL #pch (E)pro;

: id



Preservation of properties

fact Localization is ageessive .

* Take G , and consider Ls 6
.

£ IT but finding a J here
.

I
,

J
is xianpossible .

* If f was right proper, ↳ E has no reason to be right proper .

* would like conditions on f
,
s to preserve some g

there

things .
* Investigate monoidal model categories .



Monoidal model categories

Idea: ly f is a (symmetric ) monoidal category ( ox, I) ,

would like it to interact with Ho (f)

In general if
G monoidal

a motel cat
# Holed is

monoidal

A sufficient condition for
this ng monoidal

model
cat

.



Monoidal model categories

A symmetric monoidal model category is a model category C equipped with a closed
symmetric monoidal structure (C,⌦, ) such that the two following compatibility conditions are
satisfied:
(1) (Pushout-product axiom) For every pair of cofibrations f : X ! Y and f 0 : X0 ! Y0, their

pushout-product
f⇤ f 0 : (X ⌦ Y0) ‰

X⌦X0
(Y ⌦ X0) ! Y ⌦ Y0

is also a cofibration. Moreover, it is a acyclic cofibration if either f or f 0 is.
(2) (Unit axiom) For every cofibrant object X and every cofibrant resolution ∆ ,! Q ! of

the tensor unit, the induced morphism Q ⌦ X ! ⌦ X is a weak equivalence.

'
-

n

-

if 11=0

⇒ X X'O

N

g

-



Monoidal model categories

Proposition:

closed

Let 6 be a
b monoidal model category . Then HOLE)

is also closed monoidal with tensor structure

( or "
,
RI )

P
.
P ⇒ Q : Gx f → fcgt Quillen .



Examples

* ssetkantssetsogal both MMC writ X

* Cat nut writ x is MMC
.

* CatThom is not MMC ( "Rf!"m¥opy theory g Possets $3)
* Top Quillen is not MMC

Fix : Restrict to a
"

convenient subcat g Top
"



Examples

* If R is a Comm. ring
then Ch CR) proj is monoidal

model cat wit ① - product g Chan complexes

! Ch ( thing is rarely monoidal ! ⇒ being a monoidal model
cat is not preserved under

↳ 12=94 I↳ Q O↳ #12¥
Quiller egaualera .

( za a) 0 CO ↳ # Izz) = 2/2# → 0

not an injective Cy. :bration.



Arrow categories

Let 8 be combinatorial model

I = ( • → oh Arr ( E ) s ft
L

Assume moreover that f is symmetric monoidal
model Cat

( Q
,
91)

.

Idea : Arr ( E) has Adygea monoidal structures playing

nicely with projlinj model
.



Arrow categories

The tensor product monoidal structure on Arr(C) is defined as

X0 ⌦ Y0
f⌦g��! X1 ⌦ Y1

for morphisms f : X0 ! X1 and g : Y0 ! Y1. The monoidal unit in this structure is ! .

Papi Are (E) inj is Symon. monoidal
model cat writ this

tensor product monoidal structure .

But Aol E) pig NOI
.



Arrow categories

The pushout-product monoidal structure on Arr(C) is defined by the pushout-product

(X0 ⌦ Y1) ‰
X0⌦Y0

(X1 ⌦ Y0)
f⇤g��! X1 ⌦ Y1

for morphisms f : X0 ! X1 and g : Y0 ! Y1. The monoidal unit in this structure is ∆ ! .

White - Yau

Prof Arr (E) prog is a smmcw.it this poshout - protect

monoidal structure.

i. Not art a. can; €sswss#



Monoidality from homotopy

Really can have Ho (E) = HoCD) without f=aD

There exists a model cat odset ( opegetdendroidal)
which has a Q

,
but is not part of a closed monoidal structure.

( ② is associative upto⇒ odset not a monoidal Model cat
weak equiv )

Cisinse
.

MEET Ho (odset) is symmetric monoidal cat
.



Left Bousfield localization .vs. monoidal structures

R - mods' Ra Frobenius ring . If R is a f. d Whitey
Hopf algebra / K ther R-modst is a monoidal model Cat

w. fit - K
-

FFZCED.ANR-mism-ved-spauu.tn
an action of E3

.

R is f.d Hopf algebra It .
⇒ R-Modo. is a monoidal model cat.



Left Bousfield localization .vs. monoidal structures

↳ calise at f : O
→ te

.

( codomain has trivial G action)

Clay G- R
-mods

.

is not a MMC CP
.

P axiom fats )

* Enough to find an f - trivial object N such that Naan is

hot f- trivial .

* N g. trivial ifj
it has no Ez - fixed points.

DEI N is f.
trivial if NAO in ↳ Rimod .



Left Bousfield localization .vs. monoidal structures

Let Ns ta ① Ftc
.

as Clio) bro
,
i )

( izsasb Crs ) as b

N has no G - fixed points ( izz ) b s Atb
:-C

⇒ f - trivial

Norton has G- invariant element. a at bast Cac .

⇒ Naan is not f- trivial ,

⇒
↳ R - mode is not a MMC



A sufficient condition

Let C be a monoidal model category. A left Bousfield localization of C is said to be monoidal if
LSC is a monoidal model category and the Quillen functor C ! LSC is monoidal.

Let C be a monoidal model category, then we say that a cofibrant object X 2 C is flat if f ⌦ X
is a weak equivalence whenever f is a weak equivalence.

In above example all X are agbrat

all X are flat .



A sufficient condition

Proposition: Let C be a cofibrantly generated monoidal model category in which all cofibrant
objects are flat, then a left Bousfield localization LSC is a monoidal Bousfield localization if and
only if every morphism of the form f ⌦ idK is an S-local equivalence where f 2 S and K
cofibrant.

In the previous example j
: O→ tf



...and the rest

* Stability

! Lots more to discover !



...and the rest


