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Right Bousfield localization

Let C be a model category and K a set of objects of C.
® A morphism f: A — Bin C is a K-coequivalence if

map (X, f): map(X, A) — map(X, B)

is a weak equivalence in sSety,, for each X € K.
® An object Z € C is K-colocal if

map(Z, f): map(Z, A) — map(Z, B)

is a weak equivalence in sSety., for any K-coequivalence.



Right Bousfield localization

The right Bousfield localization at K of C is the model category RxC with underlying category
of C such that the:
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Torsion objects
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Preservation of properties
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Monoidal model categories
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Monoidal model categories

A symmetric monoidal model category is a model category C equipped with a closed

symmetric monoidal structure (C, ®, 1) such that the two following compatibility conditions are
satisfied: B

(1) (Pushout-product axiom) For every pair of cofibrations f: X — Y and f': X’ — Y/, their
—  pushout-product i X=0
/. / / /
fo.(X@Y)X]gL(Y®X)—>Y®Y 3 Xey ~0
is also a cofibration. Moreover, it is a acyclic cofibration if either f or f’ is. N

/(gl (Unit axiom) For every cofibrant object X and every cofibrant resolution @ — Q1 ++ 1 of
the tensor unit, the induced morphism Q1 ® X — 1 ® X is a weak equivalence.
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Examples
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Arrow categories
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Arrow categories

The tensor product monoidal structure on Arr(C) is defined as

Xo®Y L5 X 0V

for morphisms f: Xo — X; and g: Yo — Y;. The monoidal unit in this structure is 1 — 1.
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Arrow categories

The pushout-product monoidal structure on Arr(C) is defined by the pushout-product

. (ohke ~ Ton
XooW) [[ oY) I X 01
Xo®Yo

for morphisms f: Xp — Xj and g: Yo — Y3. The monoidal unit in this structure is @ — 1.

%".@l A((Cg)m IS o SpmC Wt Fhis Po@l\MFPQdAc*

rYKO(\_otAOL ST ek, gs Sok SSd-i

o R (f\(((f)‘.r\\



Monoidality from homotopy
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Left Bousfield localization .vs. monoidal structures
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Left Bousfield localization .vs. monoidal structures
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Left Bousfield localization .vs. monoidal structures
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A sufficient condition

Let C be a monoidal model category. A left Bousfield localization of C is said to be monoidal if
LsC is a monoidal model category and the Quillen functor C — LgC is monoidal.

Let C be a monoidal model category, then we say that a cofibrant object X € C is flatif f ® X
is a weak equivalence whenever f is a weak equivalence.
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A sufficient condition

Proposition: Let C be a cofibrantly generated monoidal model category in which all cofibrant
objects are flat, then a left Bousfield localization LsC is a monoidal Bousfield localization if and
only if every morphism of the form f ® idk is an S-local equivalence where f € S and K
cofibrant.
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